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1. Introductory Topics 
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1.1. NUMBERS 
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1.2. ALGEBRA 

1.2.3  POWERS 
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1.2. ALGEBRA 

1.2.5  Logarithms 

b  bas is the to aof  logari thm equals n

alogn

82ab

28ba
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3n

3n

              

n  exponent  forlookingif ,              Logarithm

 e.g  b  forlookingif , functionroot Square

 e.g  a  forlookingif ,      functionPotential
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Question: ͞To whiĐh power ͚Ŷ͛ do you have to raise ͚ď ,͛ in order to get ͚a͛ as the result͟ 

‘eŵark: This power ͚Ŷ͛ ďy whiĐh ͚ď͛ has to ďe raised iŶ order to get ͚a͛ is Đalled the 
logarithŵ of ͚a͛ wheŶ ͚ď͛ is the ďasis. 
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1.2. ALGEBRA 

1.2.5  Logarithms 

Examples: 

b

n

,

�

 

b

0

8

2

.

8

3

8

2

,



Mathematics  ∙  Pƌof. Dƌ. Philipp E. )aeh 15 

1.2. ALGEBRA 
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1.2.5  Logarithms 

More Examples: 
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1.2. ALGEBRA 

1.2.5  Logarithms 

Further Proofs: 
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1.2. ALGEBRA 
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1.2. ALGEBRA 
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1.2. ALGEBRA 

1.2.6   Factorial, Absolute Value, Sums 
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1.3. SEQUENCES
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1.3. SEQUENCES, SERIES AND LIMITS 

Arithmetic Sequences 

 
Definition: A sequence is called arithmetic if the following is valid: 

ak+1 – ak = d, with d = constant   

;foƌ all eleŵeŵeŶts of the seƋueŶce k = ϭ, Ϯ, ϯ …Ϳ 
 
Composition law for arithmetic sequences:   
ak= a1 + (k -1) ∙ d 

 

Example: 

             Consider the sequence 5, 10, 15, 20.... 
 

a1 = 5, a2 = 10,  d = a2 - a1 = 10 - 5 = 5 

a5 = 5 + (5-1) . 5 = 5 + 20 = 25   
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1.3. SEQUENCES, SERIES AND LIMITS 

Geometric Sequences 

 
Definition: A sequence is called geometric, if the following is valid: 

 

   
  with q = constant   

  

           

 (foƌ all eleŵeŶts of the seƋueŶce k = ϭ, Ϯ, ϯ …Ϳ 
 
Composition law for geometric sequences: 

 ak= ak-1 .q = ak-2 .q
2 = ak-3 .q

3 =…. ……. = a1 .q
(k-1)  

 

               

Example: Consider the sequence 2, 4, 8, 16.... 
 

 a1 = 2, a2 = 4,  q = 4/2 = 2 

 a5 = a4 .q = 16.2 = 32  or  a1 .q
4 = 2.2 4 = 2.16 = 32 

q
a

a

1k

k 

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1.3. SEQUENCES, SERIES AND LIMITS 

Series (Reihen) 

 

During the composition of an (infinite) series all elements of a sequence 

are summed up: 

 

 

 

 

The sum up to the n-th element is called n-th partial sum: 
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1.3. SEQUENCES, SERIES AND LIMITS 
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Partial sums of the arithmetic series (a := a1): 

Small Exercise: Substitute a=1, d=1 in the General formula of Sn and 

simplify. What do you obtain? 
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1.3. SEQUENCES, SERIES AND LIMITS 



Mathematics  ∙  Pƌof. Dƌ. Philipp E. )aeh 39



Mathematics  ∙  Pƌof. Dƌ. Philipp E. )aeh 41 

1.3. SEQUENCES, SERIES AND LIMITS 

Example: Geometric Series 

 

Suppose that you invest in a real estate and purchase a land near Hamburg. A 

renewable energy business firm takes it on rent. According to terms, the lease can 

be done for every six months, the amount of rent is subject to 10% increase in 

each subsequent lease. The first amount of rent is € 6000. Calculate the total 

amount of rental payments that would be received for the period of 5 years. 

 
The resulting geometric sequence 6000, 6600, 7260..... 

 

a1 = 6000, a2 = 6600,  q = 6600/6000 = 1.1, n=10 
 
 

 

Small Exercise: What is the value of rental payments received at the end of 3 

years? 

 

  

95624.54
11.1

1)6000(1.1
S

10

10 

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1.3. SEQUENCES, SERIES AND LIMITS 

Exercise: 

 

Suppose that a production plant produces 100 chocolate bars in the first day. The 
production capacity can be increased by 5% every day. Calculate the total output of 
the production plant for two weeks.  
(hint: you have to use Sn formula where a=100, q=1.05 and n=14) 
 
Now also calculate the number of chocolate bars produced on the 10th day. 
 
A super market places an order of 800 bars at the start of the first day of 
production. How many days will it take to fulfill the order? 
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1.4. POLYNOMIALS 

 function.polynomial degree th-n a called is

 formthe with  functionA:Definition
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                   The real numbers ai are called coefficients. 
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1.4. POLYNOMIALS 

 
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Which different mathematical ways can be used to describe geometric 
objects? 

 
       1.4.1.  1st and 2nd degree Polynomials 
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1.4. POLYNOMIALS 

   Example: 
 

  

   The equation of a parabola (n=2)     
 

  

 
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   Example: 
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1.4. POLYNOMIALS 

   The equation of a parabola (n=2)    General form: 
 

  
Examples: 

x
2
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1.4. POLYNOMIALS 

Zeros of a quadratic function, i.e. intersection wi
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1.4. POLYNOMIALS 

1.4.3 Determination of the zeros of a polynomial 
      
Decompositition into linear factors 

Theorem: If x0  is the (e.g. guessed) zero of a n-th degree polynomial P(x) , the linear 

factor (x – x0 ) can be seperated from the polynomial:  

 

P(x) = u(x)(x – x0). In this case u(x) is a polynomial with the degree (n – 1). 

 

The coefficients of the remaining polynomial u(x) can be determined through either 

HoƌŶeƌ͚s ŵethod ;Ŷot Đoǀeƌed heƌeͿ oƌ polǇŶoŵial loŶg diǀisioŶ. 
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1.4. POLYNOMIALS 

Polynomial long division 

If, in a rational function, the degree of the numerator is higher or equal to the 

degree of the denominator, a polynomial long division can be conducted. 

Through polynomial long division the zeros of a polynomial can be determined, if 

one zero is already known. In this case the original polynomial is divided by the 

respective linear factor. 

Example: x3 – 3x2 + 4 has a zero at x = 2. 

Further zeros can then be determined through polynomial long division. 

In addititon to this slant asymptotes can be determined, if the degree of the 

numerator is exactly one higher than the degree of the denominator (also see 

chapter 2, differential and integral calculus). 
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1.4. POLYNOMIALS 

Polynomial long division 

Example:  

(x3 – 3x2 + 4) :  (x – 2) = (x2 – x – 2)(x – 2) 

 

 2xx

0

4x2

4x2

x2x
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x2x

4x3x2x

2

2

2

23

23

















Therefore, x-2 is the factor of (x3 – 3x2 + 4) 
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1.4. POLYNOMIALS 

Polynomial long division 

2x2xx

0

2x2

2x2

x2x2

2x2

xx

2xx

xx

2xx1x

23

2

2

23
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34
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












 Small Exercise:  

(x2 - 9x – 10) / (x+1) 
 

We know  
(x2 - 9x – 10) = (x+1))(x-10)  
Verify it with long division. 

Example:  

(x4 + x2 – 2) :  (x + 1) = (x3 – x2 + 2x – 2) (x + 1) 
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1.4. POLYNOMIALS 

Properties of polynomials 

An n-th degree polynomial has a maximum of n real zeros. 
 
The addition, subtraction, multiplication and linking of polynomial functions 

(polynomials) always results in polynomials again.  
 
The division, on the other hand, results in rational functions. 
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A finite set of linear equations is called a system of linear equations or a linear system. 

For example,  

System of two equations: 

 

 

System of three equations: 

 

 

 

 

 

 

System of Linear Equations:  

4  y5x

3  y 2x




9  z y x-

3  zy2x

5  z- y x






2.1. SYSTEM OF LINEAR EQUATIONS 



Mathematics  
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20 40 60 S 

20 

E 

feasible region 
producer 1 

producer 2 

2.2. SYSTEM OF LINEAR INEQUALITIES 
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Three cases have to be distinguished: 

 

 Normal case: 

 The space of admissible solutions Z is bounded and not empty.  

 Then it is a convex polyhedron
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Convexity of the admissible range:  

not convex convex 

Convexity means that every connecting line between two point of the admissible 
range completely lies inside the range.  

2.2. SYSTEM OF LINEAR INEQUALITIES 
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3. Differential Calculus 
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Examples: Different tangents to a curve 

x 

y y = x3 

1 2 

1 

8 

slope at x* = 1:  
dy/dx = 3 

slope at x* = 2: 
dy/dx = 12 

3.1. BASICS 
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a) Power Function nxy  1 nnxy

Examples: 
9xy 
2xy 

)( 1xxy 
)(1 0xy 

)(
1 1 x
x

y

)( 2

1

2 x



Mathematics  ∙  Pƌof. Dƌ. Philipp E. )aeh 81 

b) Exponential Function xey  xey 
axxax eeay lnln )(  aaaey xax lnlnln  

c) Logarithmic Function 

0

ln




x
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y
1

xy alog
ax

y
ln

11 

d) Trigonometric Function 
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

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cos




x
xayxayxa y 1
)'(lnln'lnln 
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c) Product Rule: 

hgfy
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xgxfy


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 )()(

''''

'''

hgfhgfhgfy
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


Example: 
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(4 2 xxxxx
x

y 
)5
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( 4455 xxx
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x
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x
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3.2. DERIVATIVE RULES 
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d) Quotient Rule: 
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

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3.2. DERIVATIVE RULES 
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a) Domain 



Mathematics  
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Necessary and sufficient conditions for local extrema 

NeĐessaƌǇ ĐoŶditioŶ foƌ a loĐal ŵaǆiŵuŵ oƌ ŵiŶiŵuŵ: f͛;ǆ0) = 0 

I.e., if there is a maximum or a minimum at x0, theŶ f͛;ǆ0) = 0 

 

“uffiĐieŶt ĐoŶditioŶ foƌ a loĐal ŵaǆiŵuŵ: f͛;ǆ0Ϳ = Ϭ  aŶd f͛͛;ǆ0) < 0  

I.e., if f͛;ǆ0Ϳ = Ϭ  aŶd f͛͛;ǆͿ < Ϭ , theƌe is a loĐal ŵaǆiŵuŵ at ǆ0 

 

“uffiĐieŶt ĐoŶditioŶ foƌ a loĐal ŵiŶiŵuŵ: f͛;ǆ0Ϳ = Ϭ  aŶd f͛͛;ǆ0) > 0  

I.e., if f͛;ǆ0Ϳ = Ϭ  aŶd f͛͛;ǆͿ > Ϭ , theƌe is a loĐal ŵiŶiŵuŵ at ǆ0 

3.3. APPLICATIONS & EXERCISES – 
CURVE SKETCHING 





Mathematics  
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Continuation of the Example 

  

5. Tangent at IP: 

688128x(x)t

b  688

b4128176

bmxt(x)

128(4)f                           

1 






Slope at IP: 

3.3. APPLICATIONS & EXERCISES – 
CURVE SKETCHING 
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6. Parallel line to the inflection tangent: 

256128xt(x)

b                  256

b2
-0.0105714 Tc

.444 128.198 Tm
[(2)-604  0 �22]TJ
0.0105026 4Tc
519064 0 Td
[(1)-0.165028(2)-0.165028(8)-0.172691]8(S)82.4412 0 5028(5)-0.16Td
[(1)-0.165028(2)-0.105714 Tc
0 1
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4. Integral Calculus 
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  )()( )()( aFbFxFdxxf

b

a

b

a 

If f(x) is integrated, you obtain the primitive function F(x).  

If F(x) is differentiated, you obtain f(x). 

Integration is the reversal of differentiation. 

2. Theorem of differential and integral calculus 
 If F(x)
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g(x)f(x)y

 


dx



Mathematics  ∙  Pƌof. Dƌ. Philipp E. )aeh 109 

  2

222 )43(
a

dxxaxx

  2

1

2122 )72249( dxxxaxx

Example 1: 

Example 2: 

 2

1

)
2

1
63( dxe

x
x x

Example 3: 

Partial integration and integration by substitution are not covered here. 

4.3.  APPLICATIONS & EXERCISES 
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Elementary Calculations 
 

a+(b-c) = a+b-c 

 

a-(b-c) = a-b+c 

 

a*(b+c)=ab + ac 

 

(b+c)/a = b/a + c/a 

 

a/(b+c) not equal to a/b + a/c !!! 

 

(a+b)(c-d) = ac-ad+bc-bd   =>   (a + b)
2
 = a

2
 + 2ab + b

2
 

 

a
n
 * b

n
 = (a*b)

n
 

 

a
n
 / b

n
 = (a/b)

n
       ≠      
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7. 2x 2 5 x 40 0        8. 24x 20x 25 0    

 

9. 
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5. 
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Arithmetic and geometric sequences and series 
 

 

1. The sum of the first seven numbers of an arithmetic sequence is 42 and the sum of the first 

and the fourth term is -12. Determine a1 and d. 

 

2. In an arithmetic series the sum of the 7
th

 and 10
th

 element is 83. The sum of the first four 

elements is 46. Determin7 

 

 

2. The sum of the first fot2.98462(n)h8.98438(7 re)7 
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Curve Sketching 
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Arithmetic and geometric sequences and series 

 
1. a1 = -18;  d = 8      2. a1 = 4; d = 5  

 

3. q =2; a12 = 32768     4. q = 
3

4
;  S10 = 18,874 

 

5. d = -1,5; a1 = 3; S10 = -37,5   6. n = 630 

 

7. n = 61      8. d = 30 ;  n = 20 

 

9. S10 = 642,02 m ; n = 16, 16 Tage   10. a) a9 = 107,84 m. ;  

             b) S300 = 13.083,46 m. 

             c) n = 454 Tage 

 

Curve Sketching 
 

 

Please sketch the graph of the following functions: 

 

1. ݂ሺݔሻ = ሺݔ + 1ሻଶ1 + ଶݔ  

 

2. ݂ሺݔሻ = ଶݔ + Ͷݔଶ − 1 

 

3. ݂ሺݔሻ = ଷݔ + ͸ݔଶ − 1ͷݔ 

 
4. 

 ݂ሺݔሻ = ଶݔ ∙ ݁−௫మ
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1.  
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2. 
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4. 

 

 

 

 

 

 




























































